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Symmetry breaking induced by untwisted fermions in QED in a nonsimply connected spacetime 
with topology S 1 x R 3 is investigated. It is found that the discrete CPT symmetry of the theory 
is spontaneously broken by the appearance of a constant vacuum expectation value of the electro- 
magnetic potential along the direction of space periodicity. The constant potential is shown to be 
gauge nonequivalent to zero in the nonsimply connected spacetime under consideration. Due to the 
symmetry breaking, one of the electromagnetic modes of propagation is massive with a mass that 
depends on the inverse of the compactification length. As a result, the system exhibits a sort of 

■ topological directional superconductivity. 

<n : 

; I ' Symmetry breaking in non-trivial spacetime, where the curvature, as well as the topology, can play an important 
role, has received much attention in the last years because of its possible relevance for cosmology in the early universe. 

It is well known that the global properties of the spacetime, even if it is locally flat, can give rise to new physics. 
The seminal discovery in this direction is the so called Casimir effect that is, the existence of an attractive force 
between neutral parallel perfectly conducting plates. In this phenomenon the attractive force appearing between the 
plates is mediated by the zero-point fluctuations of the electromagnetic field in vacuum. Thus, the Casimir force is 
I , interpreted as a macroscopic manifestation of the vacuum structure of the quantized fields in the presence of domains 

■ restricted by boundaries or nontrivial topologies |2j . 

, A characteristic of quantum field theory in spacetime with non-trivial topology is the possible existence of nonequiv- 
alent types of fields with the same spin ||. In particular, for a fermion system in a space- time which is locally flat 
but with topology represented by the domain S 1 x R 3 (i.e. a Minkowskian space with one of the spatial dimensions 
compactified in a circle S 1 of finite length a), the non-trivial topology is transferred into periodic boundary conditions 
for untwisted fermions or antiperiodic boundary conditions for twisted fermions 
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-^2 ' t(j(t,x,y,z- a/2) = ±ip(t,x,y,z + a/2) (1) 

Oh. In (jl]) the compactified dimension with length a has been taken along the OZ-direction. 

Quantum electrodynamics (QED) withphotons coupled to untwisted fermions or to a combination of twisted and 
untwisted fermions is an unstable theory [Q , (|] . The instability arises due to polarization effects of untwisted electrons 
' that change the propagation of electromagnetic waves giving rise to tachyonic electromagnetic modes [Q , || . In Ref. 
H it was speculated that such instability might indicate that a stable vacuum configuration with nonzero expectation 
value of the strength tensor could appear. 

For self-interacting scalar fields the space periodicity can also produce instabilities causing a massless field to become 
massive |j| , jTj] . The acquired mass depends on the periodicity length, so the phenomenon is called topological mass 
generation. 

Our main goal in this paper is to investigate the symmetry breaking induced by the non-trivial topology S 1 x R 3 in 
the case of QED with untwisted fermions. We will show that the stable vacuum configuration is given by a constant 
electromagnetic potential A% along the compactified dimension. As discussed below, even though such a vacuum 
configuration has F^ v — 0, it cannot be gauged to zero, because the gauge transformation that would be needed does 
not respect the periodicity of the function space in the S 1 x i? 3 domain. This is a sort of Aharonov-Bohm effect 
which takes place due to the non-simply connected topological structure of the considered spacetime. The nonzero 
vev of the electromagnetic potential spontaneously breaks the discrete CPT symmetry of the theory. Accordingly, 
the A3 field acquires a topological mass and no tachyonic mode remains. The results here reported can be of interest 
for theories with extra dimensions on which some of them are compactified, and for condensed matter quasi-planar 
systems. 

The existence of constant gauge potentials with physical meaning are known in statistics, where Aq cannot be 
gauged away by reasons similar to those pointed out above J8|. The physical relevance of constant condensates of 
zero-components of gauge fields has been investigated in the context of many-particle electroweak theory in Refs. 
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Let us consider the QED action in a spacetime domain with compactified dimension of length a in the CZ-direction 
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The action (g), together with the boundary conditions ([j]), represents a system of photons and electrons confined 
between two infinite parallel planes perpendicular to the OiJ-direction. 

When this confined QED action is considered for untwisted fermions, the effect of vacuum polarization upon photon 
propagation yields a tachyonic mass for the third component of the photon field jj] . Tachyonic modes in a quantum 
theory are an indication that the vacuum under consideration is not really the physical one. A tachyonic mode is 
therefore related to some symmetry breaking mechanism which leads to the true physical vacuum, ft follows that 
some symmetry breaking should then occur in the unstable theory (2) of photons interacting with untwisted fermions. 

Henceforth we restrict our analysis to this unstable case. To find the physical vacuum that stabilizes the untwisted 
fermion theory, we propose the following ansatzQ 



A v = AS, 
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for the vacuum solution, with A an arbitrary constant that will be determined from the minimum equation of the 
effective potential. Notice that a constant electromagnetic potential in the direction of the periodicity (y — 3 in our 
case), although seemingly physically equivalent to the pure vacuum A v — 0, since both have — 0, cannot be 
gauged to zero. The reason is that due to the periodicity of the fields in the S 1 x R 3 space, the gauge transformations 
— > A^ — ^d^a are restricted to those satisfying a(x 3 +a) = a(x 3 )+2lir : I £ Z M. However, the gauge transformation 
a(x) — (x ■ n)eA connecting the constant field configuration (||) with zero does not satisfy the required periodicity 
condition unless A satisfies 
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Let us consider then the one-loop effective potential of the theory 
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around the vacuum configuration 
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Here DetG = Jji 4 p det G 1 — J d 3 p det G , with p% = 2mr/a, (n — 0, ±1, ±2, ...) being the discrete frequencies 



associated with periodic fermions. The fermion inverse Green's function in the background A is 

' = 7 • p + m 
with p = (po, P_l,P3 — eA). After summing in p% we obtain 
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The extremum of the effective potential (|7|) satisfies 
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The solution to (H) is A = — , I S Z. Nevertheless, the minimum condition d V (A m - la ) / d A > is only satisfied by 



the subset 
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1 This is a natural ansatz given that the (DiJ-direction is the only distinguished direction in the S 1 x R 3 space under consid- 
eration, and that the field obeys periodic boundary conditions along the CZ-direction. 
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The elements in the set of minimum solutions (^), are gauge equivalent since they are all connected by allowed 
gauge transformations (a(xa + a) = a(x^) + 21%). It should be pointed out, however, that the solutions ([|) are gauge 
nonequivalent to the trivial vacuum A = 0, since none of them satisfies (||). 

Substituting with the minimum solution (|J) in Eq. (Q) we obtain in the am <C 1 approximation that the effective 
potential of untwisted fermions reduces to 

V ^ = "ass? < 10 > 

which coincides with the result reported for twisted fermions in Ref. Q. Thus, the vacuum energy of both classes of 
fermions coincides if the corresponding correct vacuum solution is used. 

As discussed above, the appearance of the constant vacuum solution A v = h. m \- a 8 V 3 at the one-loop level must be 
associated with symmetry breaking. It is easy to corroborate that if the gauge field in the action (g) is shifted by 
A^{x) — > A fl (x) — Amines, a new term eA m i n ipj3ijj emerges violating the CPT symmetry 

x M = -x^, A^x) = -A M (-x), ip(x) = -#(-x)7s7b (11) 

of the original action. We stress that the vacuum solution (§) breaks the CPT invariance by breaking each discrete 
symmetry separately, while maintaining CP or any other product of two symmetries intact. 

We conclude that the spatial compactification leads to spontaneous CPT symmetry breaking with vacuum config- 
uration given by a constant electromagnetic potential whose amplitude increases with the decreasing of the compact- 
ification radius as 1/a. 

Let us find the electromagnetic modes' masses in the background of the new vacuum (||). With this end, the general 
structure of the electromagnetic field Green's function in the S* 1 x R 3 space should be considered 

A^(fc) = P{ %v - ^) + Q[*&. - k " n { k + % K + f^l + (12) 

Here, due to the breaking of Lorentz invariance, in addition to the usual tensor structures and gw, a spacelike 
unit vector = (0, 0, 0, 1), pointing in the direction of the periodicity, must be introduced. In Eq. (H3) a is a gauge 
fixing parameter corresponding to the gauge condition -^d^A^ = 0, and the coefficients P and Q are given by 

P = I n = Hi (13) 

fe 2 + n ' w (k 2 + u Q ){k 2 + n Q -n 1 [k 2 /(k-n) 2 + i}} 7 [ ' 

The parameters IIo, Hi, are the coefficients of the polarization operator n M „, whose general structure is 

iV(fc) = n o( ^ - _) + n x [— + (w) 

The coefficient is absent in the usual flat space case with trivial topology. It arises here because of the explicit 
breaking of the Lorentz invariance in the 5* 1 x R 3 spacetime. The situation is similar to that in statistical quantum 
field theory |11|, where the presence of a medium breaks the Lorentz invariance giving rise to the compactification of 
the time variable. The role of n M in the finite temperature case is played by the four-velocity of the medium u^. 

From ( ]l4| ) it is easy to see that the polarization operator coefficients can be expressed in terms of the two independent 
tensor components LI33 and n o through the relations 
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where we are using the notation fc p = (fco, kj_, 0) and k = k 2 (k 2 k 2 — k^k 2 ). 

The electromagnetic modes' masses are found from the poles of the Green's function (|2|). From (|l|), ( |l5| ) and 
( |l6| ) we have that for photons propagating in a direction perpendicular to the direction of periodicity (fc 3 = 0) the 
dispersion relations are 
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FromEqs. ©-(HI) we see that the values of the IIoo and II33 polarization operator components in the limit £3 = 0, 
-> are crucial for the properties of the electromagnetic field propagation in this non-trivial space, since they 
play the role of the square masses of the electromagnetic modes (M 2 = (fc 2 /k^)Iloo, Mf = II33). The appearance of 



the electromagnetic tachyonic mass for untwisted electrons comes precisely from the fact that in the a 
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limit, those polarization operator components, calculated on the trivial electromagnetic vacuum (A = 0), are given by 
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m, after a factor 
k — > limit the 



where £ = am/2n <C 1 . The leading term in Eq. ( |19[ ) coincides with the one reported in Ref. 

correction)^] previously pointed out in Ref. |lj] . From (|l^) and (|2^) we have that in the £3 = 

electromagnetic modes' masses in the trivial vacuum are M 2 = and Mf < (tachyonic mass) respectively. 

To investigate the modification produced in the dispersion equations (p~7[) - (p~8|) by the nontrivial vacuum (|^) the 
polarization operator components IIoo, 1133 must be calculated in the background of the non-trivial vacuum state. 
With this aim, we start from the free-fermion propagator for untwisted fermions in the non-trivial vacuum 
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The polarization operator components corresponding to the Green's functions ( f2l| ) can be found to order-e 2 in the 
coupling constant from 



d i PjJj>u - K) + p„(p^ - fe/i) - P ■ (? ~ k)g^ v + mfg^ 
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(jp — m 2 ) [(j> — k) 2 — m 2 ] 

After summation inp3 we find for the polarization operator components entering in the dispersion relations (|l7|)-(|Is|) 
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where e p = yjp 2 + to 2 , e v ~k = \/ (p — k) 2 + to 2 , and n(p) = [1 — expa(e p ± ieA m i n )] 1 = (1 + expae p ) 1 . Finally, 
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evaluating the integrals in fl24|) , ( |25| ) and considering the a 

1 
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<C am <C 1 limit, we obtain 
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2 The result in Eq. (4.9) of Ref. M should be multiplied by 2. 
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i4(fc 3 = o,fc)^— fci 
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It can be seen that (^6|) coincides with the result reported for twisted fermions in trivial vacuum in Ref. Q. Using 
the results ( |26| ) and ( p7|) in the dispersion equations (|l7|)-(|l"8|) we find that the electromagnetic modes propagate on 
the nontrivial vacuum with new masses M 2 [A] = and M% [A] = e 2 /3a 2 > 0. It is interesting to notice that if we 
make the change a — > j3 ((3 the inverse temperature) in Mf [A] , then we would formally obtain the well known result 
in statistical QED of a Debye screening mass. 

Then, we conclude that in the new vacuum state no tachyon is present. Instead, a massive electromagnetic mode, 
with a mass that depends on the inverse of the compactification radius a, arises. When the compactification length is 
taken to infinity (a — > oo), the flat-space QED theory is regained with zero photon mass. Moreover, the polarization of 
photons in the presence of twisted or untwisted fermions will be equivalent at least up to the one-loop level. However, 
they take place in different vacuums, the trivial one for twisted fermions and the nontrivial A3 = — for untwisted 
ones. 

The existence of a massive electromagnetic mode in confined QED for both untwisted and twisted fermions has 
also implications for the magnetic response of the system. To understand this, let us consider the modified Maxwell 
equation in linear response theory 

[□<J M „ - A M 2 <VM A v = eJ M , (28) 

taken in the Lorentz gauge d^A^ = 0. In Eq. (p8[), we introduced the magnetic length Ajvf = I/M2 [A]. Considering 
an external static and constant current I flowing inside the confined space along the OZ-axis, the current density in 
Eq. (p8|) becomes eJ^{x) = 1 5 2 (x±). Then, the induced potential, which is a solution of (|2^ ) with periodic boundary 
conditions in the CZ-direction, will be 

M{x) = ~K [\x. 1 \/\ M ], (29) 

where Kq denotes a modified Bessel function of the third kind. In the |xj_| 3> Am limit we obtain for the corresponding 
magnetic field 

Bir)=' exp W"h (30) 
2V27T v?"Am 

with r = |xj_| and 8 denoting the azimuth- angle unit vector in cylindrical coordinates. From ( ^0|) we see that an 
azimuthal magnetic field will be screened along the radial direction, in a distance equal to the inverse of the topological 
mass Mi [A]. When the separation between the two infinite parallel plates decreases, the screening effect increases. 

Our results indicate that confined QED exhibits a sort of topological directional superconducting behavior, with a 
Meissner effect taking place for magnetic fields induced by electric currents flowing in the direction of the compactificd 
dimension. This result could find applications in high-Tp superconductivity where, as it is well known, the system is 
confined to a quasi-two-dimensional space. 
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